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1. Can the function f(x, y) =
sinx sin3 y

1− cos(x2 + y2)
be defined at (0, 0) in such a way that it becomes continuous there?

Ans:

Let γ1(t) = (t, 0), for t ∈ R. Then,

lim
t→0

f(γ1(t)) = lim
t→0

0

= 0

Also, let γ2(t) = (t, t), for t ∈ R. Then,

lim
t→0

f(γ2(t)) = lim
t→0

sin4 t

1− cos(2t2)

= lim
t→0

sin4 t

2 sin2(t2)

= lim
t→0

1

2
·
(

sin t

t

)4

·
(

t2

sin(t2)

)2

=
1

2

Therefore, lim
t→0

f(γ1(t)) 6= lim
t→0

f(γ2(t)) and lim
(x,y)→(0,0)

f(x, y) does not exist.

As a result, there is no way for us to redefine the function at (0, 0) so that it is continuous at that point.

2. Let D be a path connected subset of Rn and let f : D → R be a continuous function.

Suppose that a,b ∈ D such that f(a) < f(b).

Show that for all L ∈ R with f(a) < L < f(b), there exists c ∈ D such that f(c) = L.

Ans:

Let L ∈ R such that f(a) < L < f(b). SinceD is path connected, there exists a continuous function γ : [0, 1]→ D

such that γ(0) = a and γ(1) = b.

Let g : [0, 1]→ R be a function defined by g(t) = (f ◦ γ)(t) = f(γ(t)).

Note that g is a continuous function and g(0) = f(a) < L < f(b) = g(1). By intermediate value theorem, there

exists t0 ∈ (0, 1) such that g(t0) = f(γ(t0)) = L.

Let c = γ(t0). Then, c is a point in D such that f(c) = L.

3. Let f : R2 → R be a function and let (a, b) ∈ R2. We define two single variable functions g(x) = f(x, b) and

h(y) = f(a, y).

(a) If g(x) is continuous at x = a and h(y) is continuous at y = b, does it follow that f is continuous at (a, b)?

Why?

(b) If f(x, y) is continuous at (a, b), does it follow that g(x) is continuous at x = a and h(y) is continuous at

y = b? Why?

Ans:
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(a) No, consider the function

f(x, y) =


1 if x = 0 or y = 0;

0 otherwise.

It is clear that f is not continuous at (0, 0) as lim
(x,y)→(0,0)

f(x, y) does not exist.

However, g(x) = f(x, 0) = 1 and h(y) = f(0, y) = 1 which are continuous functions.

(b) Yes. Since f is continuous at (a, b), given any ε > 0, there exists δ > 0 such that |f(x, y)− f(a, b)| < ε for

all |(x, y)− (a, b)| < δ.

Then, for all |x− a| < δ, we have |(x, b)− (a, b)| = |x− a| < δ and so |g(x)− g(a)| = |f(x, b)− f(a, b)| < ε.

Therefore, g is continuous at x = a.

Similarly, for all |y−b| < δ, we have |(a, y)−(a, b)| = |y−b| < δ and so |h(y)−h(b)| = |f(a, y)−f(a, b)| < ε.

Therefore, h is continuous at y = b.

4. Let f(x, y) =
√

2x+ 3y − 1. Using the limit definition, find
∂f

∂x
and

∂f

∂y
at (−2, 3).

Ans:

lim
h→0

f(−2 + h, 3)− f(−2, 3)

h
= lim

h→0

√
2h+ 4− 2

h

= lim
h→0

√
2h+ 4− 2

h
·
√

2h+ 4 + 2√
2h+ 4 + 2

= lim
h→0

2√
2h+ 4 + 2

=
1

2

Therefore,
∂f

∂x
(−2, 3) =

1

2
.

lim
h→0

f(−2, 3 + h)− f(−2, 3)

h
= lim

h→0

√
3h+ 4− 2

h

= lim
h→0

√
3h+ 4− 2

h
·
√

3h+ 4 + 2√
3h+ 4 + 2

= lim
h→0

3√
3h+ 4 + 2

=
3

4

Therefore,
∂f

∂y
(−2, 3) =

3

4
.

5. Let f(x, y, z) = xy + yz + zx. Using the limit definition, find the directional derivative of f at the point

u = (1,−1, 1) along the direction v = i + 2j + k.

Ans:

Note that the unit vector of v is v̂ =
1

|v|
v =

1√
6

(i + 2j + k)
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lim
h→0

f(x0 + hv̂)− f(x0)

h

= lim
h→0

f(1 + 1√
6
h,−1 + 2√

6
h, 1 + 1√

6
h)− f(1,−1, 1)

h

= lim
h→0

[(1 + 1√
6
h)(−1 + 2√

6
h) + (−1 + 2√

6
h)(1 + 1√

6
h) + (1 + 1√

6
h)(1 + 1√

6
h)]− [(1)(−1) + (−1)(1) + (1)(1)]

h

= lim
h→0

5
6h

2 + 4√
6
h

h

= lim
h→0

4√
6

+
5

6
h

=
4√
6

=
2
√

6

3

Therefore, ∇vf(u) exists and it equals to 4.

6. Let f : R2 → R2 be a function defined by

f(x, y) =


sin(x3 + y4)

x2 + y2
if (x, y) 6= (0, 0);

0 if (x, y) = (0, 0).

Find
∂f

∂x
and

∂f

∂y
at (0, 0).

Ans:

We have

lim
h→0

f(0 + h, 0)− f(0, 0)

h
= lim

h→0

sinh3

h3
= 1

Therefore,
∂f

∂x
(0, 0) = 1. Also

lim
h→0

f(0, 0 + h)− f(0, 0)

h
= lim

h→0

sinh4

h3
= lim

h→0

sinh4

h4
· h =

(
lim
h→0

sinh4

h4

)
·
(

lim
h→0

h

)
= 1 · 0 = 0

Therefore,
∂f

∂y
(0, 0) = 0.

7. Let f : R2 → R2 be a function defined by

f(x, y) =


xy
x2 − y2

x2 + y2
if (x, y) 6= (0, 0);

0 if (x, y) = (0, 0).

(a) Show that
∂f

∂y
(x, 0) = x for all x ∈ R and

∂f

∂x
(0, y) = −y for all y ∈ R.

(b) Show that
∂2f

∂x∂y
(0, 0) 6= ∂2f

∂y∂x
(0, 0).

Ans:

(a) If x 6= 0, we have lim
h→0

f(x, 0 + h)− f(x, 0)

h
= lim

h→0
x

(
x2 − h2

x2 + h2

)
= x.

On the other hand, we have lim
h→0

f(0, 0 + h)− f(0, 0)

h
= lim

h→0

0− 0

h
= lim

h→0
0 = 0.

Combining the above two cases,
∂f

∂y
(x, 0) = x for all x ∈ R.
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Also, if y 6= 0, we have lim
h→0

f(0 + h, y)− f(0, y)

h
= lim

h→0
y

(
h2 − y2

h2 + y2

)
= −y.

On the other hand, we have lim
h→0

f(0 + h, 0)− f(0, 0)

h
= lim

h→0

0− 0

h
= lim

h→0
0 = 0.

Combining the above two cases,
∂f

∂x
(0, y) = −y for all y ∈ R.

(b) We have lim
h→0

∂f
∂x (0, 0 + h)− ∂f

∂x (0, 0)

h
= lim

h→0

−h− 0

h
= −1, so

∂2f

∂x∂y
(0, 0) = −1.

Also, lim
h→0

∂f
∂y (0 + h, 0)− ∂f

∂y (0, 0)

h
= lim

h→0

h− 0

h
= 1, so

∂2f

∂y∂x
(0, 0) = 1.

Therefore,
∂2f

∂x∂y
(0, 0) = −1 6= 1 =

∂2f

∂y∂x
(0, 0).

8. Find
∂f

∂x
and

∂f

∂y
if

(a) f(x, y) = tan−1
(y
x

)
(b) f(x, y) = exy ln y

Ans:

(a)
∂f

∂x
=

1

( y
x )2 + 1

· (− y

x2
) =

−y
x2 + y2

and
∂f

∂y
=

1

( y
x )2 + 1

· ( 1

x
) =

x

x2 + y2

(b)
∂f

∂x
= yexy ln y and

∂f

∂y
= xexy ln y + exy(

1

y
) = exy

(
x ln y +

1

y

)
9. Find all first partial derivatives if f(x, y, z) = sin−1(x2 + y2z).

Ans:

∂f

∂x
=

2x√
1− (x2 + y2z)2

,
∂f

∂y
=

2yz√
1− (x2 + y2z)2

and
∂f

∂z
=

y2√
1− (x2 + y2z)2

.

10. If f(x, y) = x cos y + yex, find all the second-order derivatives, i.e.
∂2f

∂x2
,
∂2f

∂y2
,
∂2f

∂x∂y
and

∂2f

∂y∂x
.

Ans:

∂2f

∂x2
= yex,

∂2f

∂y2
= −x cos y and

∂2f

∂x∂y
=

∂2f

∂y∂x
= − sin y + ex.
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